TOPOLOGIES ON SPACES OF SUBSETS

BY
ERNEST MICHAEL

1. Introduction. In the first part of this paper (§§2-5), we shall study
various topologies on the collection of nonempty closed subsets of a topolog-
ical space(!). In the second part (§§6-8), we shall apply these topologies to
such topics as multi-valued functions and the linear ordering of a topological
space.

To facilitate our discussion, we begin by listing some of our principal con-
ventions and notations:

Convention 1.1. Let X be the “base” space. Then

1.1.1. An element of X will be denoted by lower case italic letters (for
example, x).

1.1.2. A subclass of X will be called a set, and will be denoted by upper
case italic letters (for example, E).

1.1.3. A class of sets will be called a collection, and will be denoted by
light-face German letters (for example, B).

1.1.4. A class of collections will be called a family, and will be denoted by
bold face German letters (for example, % ).

Convention 1.2. By a neighborhood of a class, we shall always mean a
neighborhood of this class considered as an element of a topological space,
not as a subclass of such a space.

Notation 1.3.

1.3.1. A topological space X, with topology T, will be denoted by (X, T).

1.3.2. A uniform space X, with uniform structure U, will be denoted by
[X, U]; the topology which U induces on X will be denoted by ] U I .

Notation 1.4. Let (X, T) be a topological space. Then

A(X)={ECX|E is not empty},

2¥={ECX|E is closed and not empty},

Fu(X) = {E€2x| E has at most n elements} ,

F(X)={E€2X| E is finite},

CX)= {E€21'| Eis compact} *.

The following notation will be useful for defining and discussing our
topologies:

Notation 1.5. If { U L}EI is a collection of subsets of a topological space X,
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(1) Such collections are often called hyperspaces.

(%) Strictly speaking, we should write (3(X, T) and so forth, since (°(X) depends on T.
Where no confusion can occur, we shall, however, adopt the simplified notation.
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then (U.)er (or (Uy, « -, Un) if I= {1, -+, n}) denotes {E€2x|E
CU.e1U,, and ENU.#Z () for all L£1}.

The first step towards topologizing a collection of subsets of a topological
space X was taken by Hausdorff [10, §28](%), who defined a metric on 2%
in the case where X is a bounded metric space(?). If we extend the Hausdorff
metric to «4(X), then sets with the same closure are at zero distance from
each other; hence the extended distance function is not a metric. When
topologizing the subsets of a more general topological space, the situation is
quite similar: On 2%, these topologies have decent separation properties, but
when extended to <4 (X), they fail to be T} (in fact, for all ECX, any neigh-
borhood of E contains E). We shall therefore, except in §5, restrict our con-
siderations to 2%,

One of the features of the Hausdorff metric is that the function(®) 7: X
— 2%, which maps x into {x}(®), is an isometry. In order to retain analogous
properties for more general X, it is necessary, first of all, that the one-point
subsets of X be elements of 2X; we shall therefore assume throughout this
paper (except in 4.9.1. and 4.9.2) that the base space X is T,. We now call a
(topology/uniform structure/metric) on 2X admissible with respect to a
(topology/uniform structure/metric) on X if the function 7 is a (homeo-
morphism/uniform isomorphism/isometry). It is reasonable to require that
all structures on 2X be admissible, and the ones that we are about to define do,
in fact, satisfy this requirement.

Guided by the above preliminary observations, we are now ready to
topologize 2X when X is not a bounded metric space. For uniform spaces, we
follow Bourbaki [1, p. 96, Ex. 7] in making the following definition.

DEFINITION 1.6. Let [X, U] be a uniform space with index set A. For each
EE2X, let Bo(E) =(Va(x)):cr. We then define the uniform structure 2V on
2% to be the one generated by A and the collection B.(E), and we call |27]
the uniform topology. The verification that this actually generates a T uni-
form structure on 2X is tedious, but entirely straightforward; it is given as
an exercise in [1, p. 97, Ex. 7], and will be omitted here. For an arbitrary
topological space, we follow Vietoris [14, p. 259, R- Umgebungen] in defining
a topology on 2X as follows:

DeriniTION 1.7. If (X, T) is a topological space, then the finite topology
27 on 2% is the one generated by open collections of the form (U, - - -, U,)
with Uy, - - -, U, open subsets of X.

(%) We use I to denote the null set. We also use E (or Cl (E) if the expression for E is long)
to denote the closure of a set E, and E’ (or X —E) to denote the complement of E (in X). If
x is an element of X, we use {x} to denote the subset of X whose only element is x. Similarly
for subclasses or elements of hyperspaces.

(4) Numbers in brackets refer to the bibliography at the end of the paper.

(%) For an extensive studyof this metric topology on 2% for metric compact X, see Kelley [11].

(%) The terms function, map, and mapping are used synonymously in this paper, and do not
imply continuity.
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It is easy to see that if X is a bounded metric space, then 2V agrees with
the Hausdorff metric. The finite topology 27, on the other hand, agrees with
this metric only if X is compact (see Proposition 3.5); this is no calamity,
however, for in some important respects the finite topology behaves much
better than the metric topology (see 2.4.1 and 4.10).

§2 deals with fundamental properties of the topologies on 2X. What is
probably the most interesting result of this section (Theorem 2.5) can be
paraphrased as follows: A compact union of closed sets is closed, and a com-
pact union of compact sets is compact.

§3 deals with relationships between the various topologies on 2X. The
most important results are that, for a uniform space [X, U], the uniform
and finite topologies agree on (°(X) (Theorem 3.3), and that, for a normal X
and a special U, they even agree on 2X (Theorem 3.4).

In §4, we investigate what properties of X are carried over to 2% or to
(C(X). Among the former are compactness (Theorem 4.2), connectedness
(Theorem 4.10), and most separation properties in somewhat weakened form
(Theorems 4.9.1-4.9.7). As for (°(X), it appears to inherit intact virtually
every property of X. In addition to the properties just mentioned for 2%,
((X) inherits the separation properties in undiluted form (Theorems 4.9.8—
4.9.13), local compactness (Proposition 4.4), and local connectedness (Theo-
rem 4.12).

In §5, we begin by extending our topologies to «4(X) (Definition 5.1),
and showing that the function® which maps a subset of X into its closure is a
retraction (Theorem 5.3). Next we define certain functions among the hyper-
spaces (Definition 5.5), and derive their properties (Corollary 5.6-Corollary
5.8). Typical among these is that the function ¢:eA(A(X)) — <A4(X), which
maps a collection of sets into its union, is continuous (Theorems 5.7.1 and
5.7.2). Next we study the relationships between a function f: X — Y and the
function it induces among the hyperspaces (Theorem 5.10). We conclude this
section by defining a new concept, the saturate of a collection (Definition
5.13), and deriving its properties. An interesting result is that the union of a
closed and saturated collection of closed sets is closed (Corollary 5.16).

Before continuing this summary, we define a concept which plays a crucial
role in the investigations of the remaining sections.

DEFINITION 1.8, Let ©€2X. A function f: & — X is called a selection if it
is continuous, and if f(E) EE for all EES.

In §6 we discuss the following question: Given a function g: ¥ — 2X, when
is it possible to find a continuous g’: ¥ — X such that g’(y) Eg(y) forally& Y?
We attack this problem by dividing it into two parts; the first part deals with
the continuity of g, while the second deals with the properties of X alone.
Among the new questions thus raised, we have the following:

Question 1. For what X does there exist a selection from 2% (or from (X))
to X?
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Question 2. For what X does there exist, for every disjoint covering D of
X by closed (compact) sets, a selection from D to X?

In §7 we study Question 1 and related topics. Question 1 itself is com-
pletely answered by the following theorem.

THEOREM 1.9. Among the following statements, 1.9.2 > 1.9.1 and 1.9.4
> 1.9.3 for any Hausdorff space (X, T). If, moreover, every connected com-
ponent of X is open, then conversely, 1.9.1 > 1.9.2 and 1.9.3 > 1.9.4:

1.9.1. There exists a selection f:2X — X.

1.9.2. There exists a linear ordering on X such that the order topology is
coarser than T, and such that every closed (T') set has a first element.

1.9.3. There exists a selection f:C(X) — X.

1.9.4. There exists a linear ordering on X such that the order topology is
coarser than T.

We note that if, in particular, X is a connected Hausdorff space, then 1.9.1
= 1.9.2 and 1.9.3 2 1.9.4. These equivalences should be compared with [6,
Theorem 1], where another necessary and sufficient condition for 1.9.4 is
given. The chapter concludes with some examples of spaces which do, or do
not, satisfy 1.9.2 or 1.9.4.

In §8 we begin by showing that certain selection properties are retained
under mappings(®) which are continuous, open, and closed. We conclude the
section by giving some partial answers to Question 2.

In the appendix, we begin by re-examining the foundations of the finite
topology. This leads us to some new theorems, which in turn lead to new
applications. We conclude by outlining a similar program for the uniform
case. :

2. Fundamental properties of the topologies on 2X. We begin this section
by observing that the topologies 27 and ,ZUI, the uniform structure 27, and
the Hausdorff metric are all admissible.

We now examine the finite topology.

ProrositioN 2.1(%). The collections of the form (Ui, - - -, Us,), with
Ui, + -, U, open in X, form a basis for the finite topology on 2X.

Proof. (a) 2X=(X).

(b) Let U=(Uy, - -+, Un), B=(V1, - -+, Vu), and let U=UL, U;

V=UL,V. ThenUNB={(UNV, - - -, UNV,VINT, - - -, V.NU).Q.E.D,
Our definition of 27 is essentially the one given by Vietoris and Choquet.
It is easy to verify that it is equivalent to Frink’s neighborhood topology
(see [7, §12]). Before leaving this topic, we give another definition of 27,
similar to Frink’s, which makes this topology appear especially “natural.”
DEerINITION 1.6a. If (X, T) is a topological space, we say that a topology on

(") This assertion remains true if 2% is replaced by AX) (and ( ), if occurring, by
{ ). For the topology on eA(X), see Definition 5.1.
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2% {5 acceptable if in it { EC2X ] ECA } 1s closed for all closed A CX, and is open
for all open A CX. Then the finite topology 27 is the coarsest acceptable topology
on 2%,

Note. The uniform topology is, in general, not acceptable. It might be
interesting to study the properties of an arbitrary acceptable topology, but
this will not be done in this paper.

The following lemmas deal with simple properties of the finite and uni-
form topologies:

LEMMA 2.2M, Let (X, T) be a topological space. Then:

2.2.1. {EC2X|ECA} is closed in (2%, 27) if ACX is closed.

2.2.2. {E€2X|ENA=Z} is closed in (2%, 27) if ACX is closed.
If [X, U] is a uniform space, then

2.2.1". {EE€2X|ECAY} is closed in (2%, |2V|) if ACX is closed.

2.2.2". {E€2X|ENA~Z} is closed in (2%, [2”]) if ACX 1s closed, pro-
vided A is compact.

Proof. The first three statements follow directly from the definition. The
last statement follows from the fact that if 4 and B are closed subsets of a
uniform space, one of which is compact, then there exists an index a such
that V.(4A)NV«(B) = (see Notation 3.1.2). Q.E.D.

The following assertions follow immediately from the definitions, and are
stated without proof:

LeMMA 2.3(7).

2.3.1. ((Uy, -+, U)C{Vy, + - -, V) 2 (UL, U,CUL, Vi, and for
every V; there exists a Uj such that U;C V).

2.3.2. Inthefinite topology on 2%, Cl Uy, * + +, Ua))=(Uy, + - +, Ua)().

2.3.3. If {Uas}aga is a basis for the neighborhoods of x in X, then
{{Ua)} aga is a basis for the neighborhoods of {x} in 2% in either the uniform
or the finite topology.

ProrosiTiON 2.4(%). If (X, T) is a topological space, then:

2.4.1. ¥(X) s dense in (2%, 27).

2.4.2. If X is Hausdorff, then F.(X) 1is closed in (2%, 27T) for all n=1.

2.4.3. The natural map pr: X» — F.(X), defined by pr ((x1, - - -, %s))
={x1, - - -, %a}, is continuous.

Note. (a) If [X, U] is a uniform space, then 2.4.2 and 2.4.3 also hold with
the uniform topology on 2X (the mapping pr is now, in fact, uniformly con-
tinuous). Assertion 2.4.1 is, however, false in this case.

(b) Assertion 2.4.3 is false for infinite products.

(c) If X is not Hausdorff and if ¥.(X) #2%, then 7.(X) is not dense in
(2%, 27),

The following theorem generalizes the elementary fact that a finite union
of closed (compact) sets is closed (compact).
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THEOREM 2.5(8).
2.5.1. If (X, T) is a regular space, then

B < (2%, 27) -)( U E) € 2%,
EEY
2.5.2. If (X, T) 1s a topological space, then
® € ceen, 20 »( U E)€ e
EED
2.5.1". If [X, U] is a uniform space, then
B € @2, |2v]) ->( U E>62X.
EE®
2.5.2. If [X, U] is a uniform space, then

%eaamwﬂhe( .@eewx

U
EEB

Proof. 2.5.1. Suppose BE& C(2X). Let A=UgesE, and let x€4. Then
for each closed neighborhood N of X, 8N\{EC2X|ENN=Z} is a closed
subcollection of B (see 2.2.2), and the family of all such subcollections has
the finite intersection property. Since B is compact, this family has a non-
empty intersection DCB. But since X is regular, x is an element of every ele-
ment of O, whence xEA4.

2.5.2. Suppose 4 =UgenE, with BCC(C(X)). Let U be a collection of
open subsets of X which covers 4. Now let EE®; then E is a compact sub-
set of X, and hence there exists a finite subcollection {Ug,l, SR UE,,.(E)}
of I which covers E, and all of whose elements intersect E. Hence, for each
EEB,Ug=(Ugy, * * +, Ur,nm) is an open neighborhood of E, and therefore
{UE}ecs is a covering of B by open collections. But $ is compact, so there
exists a finite subcollection {El, ce e, E,,.} of B such that {111;1, s, 113,,,}
is a covering of 8. Hence, finally, {Ug, ;}iz} """ is a finite subcollection
of U which covers 4.

2.5.1’. Suppose that BE((2%). Let A =UgesE, and let x€A4’. For each
E&S, pick an index a(E) such that x& V(g (E); then pick a B(E) EZ(a(E))
and a y(E) EZ(B(E)) (see Notation 3.1). Then {8, (E) } Ec® is a covering
of B by open collections, and hence there exists a finite subcovering
{Byza(Es) 7. Let y=max {'y(E;)}. It follows easily that x& V,(4), and
hence that x has a neighborhood which is disjoint from A4.

2.5.2’. This follows directly from 2.5.2 and Theorem 3.3 of the next
section. Q.E.D.

(8) For a stronger version of this assertion, see the Appendix.
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Theorem 2.5 and its extension in the appendix have many applications,
where they reveal the basic similarity between some apparently unrelated
problems. In particular, Theorem 2.5 yields especially simple and transparent
proofs for the following theorems in group theory:

(1) If G is a topological group, 4 a compact subset of G, and B a compact
(closed) subset of G, then 4B is compact (closed).

(2) If Gisa topological group, H a compact subgroup of G, ¢ the canonical
mapping of G onto G/H, and € a compact subcollection of G/H, then ¢~1(€)
is compact in G.

To prove the first theorem, let U be the right uniform structure on G.
Then the function f: [G, U] — [26, 2V], defined by f(x) =xB, is clearly uni-
formly continuous. Hence f(4) is compact; since AB=Ugg(e E, the conclu-
sion follows from 2.5.2” (2.5.1’). To prove the second theorem, we observe
that ¢=1(€) =UgecE; the conclusion now follows from 2.5.2" and the first
part of the following proposition.

PROPOSITION 2.6. Let G be a topological group, H a closed, normal subgroup
of G. If U 1s the right (left) uniform structure on G, then the right (left) uniform
structure on G/H is the one induced on G/H as a subcollection of [26, 2V].
Furthermore, G/H 1s a closed subcollection of (2°€, |2U | ) for either U.

Proof. The first assertion is [2, p. 31, Ex. 5]. Its verification, as well as that
of the second assertion, is straightforward, and we omit it. Q.E.D.

Proposition 2.6 leads us to consider the factor topology (topologie quotient
in [1, p. 52, Definition 1]). In general, the following proposition, whose proof
we omit, is all we can assert; in special cases we have better results, such as
2.6 above, 5.10.4, and 5.11.1.

ProproSITION 2.7(8). If D is a disjoint covering of a topological space (X, T)
by closed subsets, then the factor topology on D is coarser than the relative topology
induced on D by 27.

The following proposition is analogous to Theorem 2.5. The proof is
clementary, and we omit it.

ProPOSITION 2.8(7) (8). If B is a collection of subsets of X which 1s (disjoint/a
subcollection of 2X) and connected in the (factor/finite) topology, and (all/one)
of whose elements are connected, then UpcsE is connected.

We conclude this section with some examples. In all cases, U will denote
the natural uniform structure on X.

Example 2.9. Let X be the plane, and let © be the disjoint covering of X
whose elements are the horizontal lines in the open upper half-plane, and the
vertical half-lines in the closed lower half-plane. Then 2!Vl is discrete on D,
|2V is coarser on D but still disconnected, while the factor topology on
is coarser yet and is connected.
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Example 2.10. Let A be the graph of f(x) =1/x, Y the y-axis, X=4UY,
and D the covering of X whose elements are 4 and the sets {x} with zE V.
Then 2!Y! and the factor topology agree on D, and are coarser there than
|2Y]; 4 is an isolated element of D in the former topologies, but not in the
latter.

Example 2.11. Let X be the real line, B the collection of all closed (finite or
infinite) intervals. Then X is an isolated element of (B, IZUI), but not of

(B, 2!91).
Example 2.12. Let X be the real line, B the collection of thesets {n, 1/}
(n=1,2, - --). Then 2!Vl and |2U| agree on B, and B is a closed (with either

topology on 2X) collection of compact sets whose union is not closed.

It is apparent from the above examples that, except for Proposition 2.7,
our various topologies are, in general, incomparable on 2X and its subcollec-
tions. Nevertheless, some simple and useful relations hold between the finite
and uniform topologies, and the next section is devoted to their study.

3. Relations between the various topologies on 2X. For use in some of the
proofs of this section, we introduce the following notation for uniform spaces:

Notation 3.1. Let [X, U] be a uniform space, with index set A. Then, for
all a€A:

3.1.1. Z(@)={BCA|x, v, 2EX: > :xEVs(2), yEVs(a) > xE Val(2)}
(see [16, p. 7]).

3.1.2. If ECX, then Va(E) = UzeE Va(x). .

We now state and prove the fundamental lemma of this section.

LeEMMA 3.2. Suppose [X, U] is a uniform space, and let EE2X. Then (see
below) 3.2.1 = 3.2.2, and 3.2.3 = 3.2.4.

3.2.1. Any |2”| -neighborhood of E contains a 2'V-neighborhood of E.

3.2.2. E 1is totally bounded(®).

3.2.3. Any 2'Y-neighborhood of E contains a |2U I -neighborhood of E.

3.2.4. If FE2X is disjoint from E, then there exists an a such that V.(E)
is disjoint from F.

Proof. 3.2.1 > 3.2.2. Let a€A, and pick BEZ(a). Then there exists a
neighborhood (Ui, - - -, U,) of E which is contained in Bg(E). Let x;€ U;
NE (1=1, - - -, n). We assert that the sets V,(x;), - - -, Va(x,) cover E.
For let x&€E. Then for some 7, say 1=k, U;C Vp(x). Hence x.E Vs(x), and
hence x & V. (xy).

3.2.2 > 3.2.1. Let B.(E) be a |2V|-neighborhood of E. Pick BEZ(a),
y&EZ(B), and §&EZ(y). Then there exist points x;, - - -, x, in E such that the
sets Vi(x1), + + +, Vi(x,) cover E. Hence for each x &€ E, there exists an 7, say
1=Fk, such that x & V;(x;). Hence x: & V,(x), and hence V;(x:;) C Va(x). There-

(®) A uniform space X is totally bounded if for every index a there exists a finite subset
{21, + + -, %} of X such that X=\U, Valxs).
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fore, finally, (Vs(x1), - - -, Vis(x,)) is a 21Vl-neighborhood of E which is con-
tained in B.(E).

3.2.3 > 3.2.4. Let FE2X be disjoint from E. Then (F’) is a 2!VI-neighbor-
hood of E, and hence there exists an a €A such that B.(E)C(F’). But then
V.(E)CF’, as asserted.

3.24 > 3.2.3. Let (Uy, -+, U,) be a 2!Ul-neighborhood of E. Let
a €A besuch that V (EYN(UL, UsY =&. Let x; € UNE (i=1, - - -, n), and
pick 8 such that Vg(x;)CU; (¢=1, - - -, ). Let y=max (B8, «). Then B,(E)
C(Uy, - -+, Un). Q.E.D.

We now draw several conclusions from Lemma 3.2. The first of these,
Theorem 3.3, has the widest application; by virtue of it, any theorem proved
about (°(X) using either the finite or the uniform topology will automatically
be valid in both topologies. In Theorem 3.4, we consider a special uniform
structure on a normal space, and our conclusion is much stronger than that of
Theorem 3.3; we use Theorem 3.4 in the proof of Theorem 4.9.5.

TrEOREM 3.3. If [X, U] is a uniform space, then 2\ and |2V| agree on
CX).

Proof. This follows from Lemma 3.2 and the fact that if ECX is compact,
then E satisfies conditions 3.2.2 and 3.2.4 [1, p. 111, Proposition 2]. Q.E.D.

THEOREM 3.4. If X is normal, and if U is the uniform structure induced on
X by the Stone-Cech compactification, then 2\V! and |2U | agree on 2X.

Proof. We will prove this theorem by showing that every E&2X satisfies
conditions 3.2.2 and 3.2.4. Let X be the Stone-Cech compactification of X.
Since [X, U] is precompact, it is totally bounded [1, p. 111, Theorem 4],
and so is every EE€2X, Let E and F be disjoint, closed subsets of X, and let
E and F be their closures in X. Then we assert that ENF = & : For suppose
that there exists an x,& ENF. By normality, there exists an f:X — [0, 1]
such that f(E) =0 and f(F) =1. Now by the Stone-Cech theorem, f can be ex-
tended to a continuous function f on X; but no such f could be continuous at
xo. This proves the assertion. Now since E and F are disjoint compact subsets
of a uniform space, there exists an index a such that FN\V.(E) =& [1, p. 111,
Proposition 2]. Hence FN\V(E)=&. Q.E.D.

In contrast to Theorem 3.4, we finally have the following proposition.

PROPOSITION 3.5. If the uniform structure of [X, U] is metrizable, then 21V
agrees with l ZU| on 2X if and only if (X, ] U ]) s compact.

Proof. If X is compact, then 21Ul agrees with |2U] on 2X by Theorem 3.3.
Suppose, conversely, that 2!7! and |2” | agree on 2%, Since |2U| is metrizable
by 4.1.1, the same is true of 21V!, whence (X, | UI ) is compact by Theorem 4.6.
Q.E.D.

This completes our study of the relations between the finite and the uni-



1951] TOPOLOGIES ON SPACES OF SUBSETS 161

form topologies. We conclude this section with the following proposition,
which was already announced in the introduction, and which follows from the
definitions [3, p. 29, Ex. 7].

PRroOPOSITION 3.6. Let X be a bounded meiric space, and let U be the uniform
structure which the metric induces on X. Then the uniform structure which the
Hausdorff metric induces on 2X is identical with 2U.

4. Relationships between properties of X and 2% (or (°( X)). We begin
by collecting some results about uniform spaces.

ProposITION 4.1. Let [X, U] be a uniform space.

4.1.1. [X, U] is metrizable = [2%, 2U] is metrizable.

4.1.2. [X, U] is totally bounded = [2%, 2U] is totally bounded.

4.1.3. Suppose that [X, U] is metrizable. Then [X, U] is complete
2 [2%, 2V] 4s complete.

4.1.4. There exist (nonmetrizable!) complete [X, U] for which [2%, 2V] is
not complete.

Proof. To prove the nontrivial half of 4.1.1, we re-metrize [X, U] by
p’=p/(1+p), and then apply Proposition 3.6. For the nontrivial parts of 4.1.2
and 4.1.3, see [1, p. 114, Ex. 5], and [12, p. 198] or [3, p. 29, Ex. 7] respec-
tively. Finally, 4.1.4 follows from the last part of Proposition 2.6 and the
footnote on p. 37 of [2]. (This proof for 4.1.4 was suggested to the author by
J. Dieudonné.) Q.E.D.

Throughout the remainder of this section, 2¥ will be assumed to carry the
finite topology.

The hard part of the following fundamental theorem was first proved by
Vietoris [14].

THEOREM 4.2. X s compact = 2% is compact.

Proof. If X is compact, then 2% is proved compact by using Alexander’s
lemma, which asserts that a space is compact provided every covering by
sub-basic open sets has a finite subcovering;see [7, Theorem 15(3) ]. Suppose,
conversely, that 2% is compact, and let { U a} be a covering of X by open sets.
Then {(X, Ua>} is a covering of 2¥ by open collections, whence there exists
a finite subcovering {(X, Uy, - - -, (X, U,,)}. But then {Ul, N U,,} isa
finite subcovering for X. Hence X is compact. Q.E.D.

Observe that in the second part of the above proof, we actually proved
that if 2X D& D% (X), and if & is compact, then X is compact. Observe also
that this part of the proof is unnecessary if X is assumed to be Hausdorff,
since a closed subset of a compact space is compact (see 2.4.2); a similar re-
mark applies to 4.4.1 below.

Observe that a uniform space [X, U] is compact if and only if [2%, 2U]
is compact. This follows from Theorems 4.2 and 3.3; it can also be proved
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directly [1, p. 114, Ex. 6].
The following lemma and its consequences deal with local compactness.

LEMMA 4.3.

4.3.1. If X is locally compact and A E(C(X), then there exists an open UDA
such that U 1s compact.

4.3.2. AE2X has a compact neighborhood tn 2X if and only if A is compact.

Proof. 4.3.1. This is trivial.

4.3.2. (a) To prove the “if” assertion, let U be the open set whose existence
is asserted in 4.1.1. Then (U)=Cl ((U)) is a compact neighborhood of 4 (see
Theorem 4.2).

(b) We shall outline the proof of the converse. Let BC X be not compact,
and let U=(U,, - - -, U,) be a neighborhood of B. Let U=U}.,U;; then T
is not compact. To complete the proof we must show that, if 11 were compact,
then U would be compact. This demonstration is elementary but dreary, and
is omitted. Q.E.D.

ProrosITION 4.4.
4.41. X 1s locally compact =2 2X s locally compact.
4.4.2. If X is locally compact, then (°(X) is open in 2X.

Proof. 4.4.1. If X is locally compact, then 2X is locally compact by the
“if” part of 4.3.2. Suppose, conversely, that 2% is locally compact, and let
xEX. By Lemma 2.3, there exists a neighborhood V of x such that Cl ((V)
NC(X)) (closure relative to (°(X)) is compact. Then % (V)CCl (V)NC(X))
C (27, 27| 27) = (27, 271¥), and hence V is compact by the comment following
Theorem 4.2. :

4.4.2. This follows immediately from 4.3.1 and 2.2.2. Q.E.D.

We shall study next the question of countability and metrizability. We
call a topological space separable if it has a countable dense subset; we call it
second (first) countable if there is a countable basis for the open sets (for the
neighborhoods of each point).

ProposITION 4.5.

4.5.1. X 1s separable = 2X is separable.

4.5.2. X is second countable = ((X) is second countable.
4.5.3. X 1s first countable = ((X) is first countable.

Proof. The implications pointing to the left are all obvious. Those pointing
to the right all follow easily from the fact that the family of finite subclasses
of a countable class is countable (and from 2.4.1 in the case of 4.5.1). Q.E.D.

THEOREM 4.6(7). If (2%, 27) is either metric or second countable, then (X, T)
s compact.

Proof. Suppose X were not compact. Then, in either case, it is not count-
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ably compact, and hence there exists a countably infinite ACX with no
limit points. Hence 4 is closed in X, 24C 2%, and A4 is discrete in the relative
topology TIA. Now it is easy to see that 2714 is identical with the relative
topology ZTI 24 which 27 induces on 24; for the rest of the proof, we shall
assume that 24 carries this topology. Now 24 is separable (see 4.5.1), so in
either case 24 is second countable. We complete the proof by showing that
this is impossible. For let {11“} be a basis for 24, and for each ECA, pick a
basis element Ug such that EEUgC(E). Now if E,#E,, say E:—E,#J,
then E;EUg, and E;Ug,; hence Ug, #llg,. It follows that { Ua} cannot be
countable, for A4 has more than countably many subsets. Q.E.D.

The next proposition and its corollary deal with the extension of functions
from X to 2X. Proposition 4.7 is used in the proof of 4.9.4 and 4.9.9. We omit
the proofs, which consist of straightforward verification.

PRrOPOSITION 4.7(7). Let X be a space, R the extended real line (that is, R
with + © and — » added, in the order topology [2, p. 86]), and f: X — R. De-
fine f1:2% — R and f_:2X — R by f(E) =sup.gk f(x), f-(E) =inf.cr f(x).
Then f. and f_ have the same bounds (finite or infinite) as f. If T is a topology
(resp. U a uniform structure) on X, and if f is continuous (resp. has its range in
R and is uniformly continuous) with T (resp. U) on X, then f, and f_ are con-
tinuous (resp. uniformly continuous, provided their range is contained in R).

COROLLARY 4.8. Let (X, T) be a topological space ([ X, U] a uniform space),
considered as a subspace of (2%, 27) (resp. [2%, 2U]). Then any continuous (uni-
formly continuous) real-valued function f on X can be extended to a continuous
(uniformly continuous) real-valued function of C(X); if f is finitely bounded
above or below, then f can be so extended to all of 2X.

Our next theorem deals with separation properties of 2X and ((X).

THEOREM 4.9.

4.9.1. 2% is always T,.

4.9.2. X is Ty > 2% is Ty. (The converse is false.)

4.9.3. X is regular = 2% is Hausdorff.

4.9.4. X is completely regular =2 2X is a Stone space(1?).
4.9.5. The following are equivalent:

(@) X s normal;

(b) 2% is completely regular;

(c) 2% is regular.

4.9.6. X s compact Hausdorff &2 2X is compact Hausdorff.
4.9.7. The following are equivalent:

(a) X is compact and metrizable;

(b) X is second countable, compact, and Hausdor[f;

(%) A topological space X is called a Stone space if, whenever xo and x; are distinct points
in X, there exists a continuous real-valued function on X such that f(x) =0, f(x1) =1.
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(¢) 2X is compact and metrizable;

(d) 2X s second countable, compact, and Hausdorff;

(e) 2X is metrizable;

(f) 2% is second countable and Hausdorff.

4.9.8. X 1s Hausdorff = ((X) vs Hausdorff.

4.9.9. X is a Stone space = (°(X) is a Stone space(*?).

4.9.10. X is regular 2 ((X) s regular.

4.9.11. X is completely regular = (C(X) is completely regular.

4.9.12. X is compact (locally compact) Hausdorff = (C(X) is compact (locally
compact) Hausdorff.

4.9.13. X is metrizable = (C(X) is metrizable.

Proof. 4.9.1. If 4, BE2X, B—A#J, xEB—A, then B&(X, A'), A
(X, 47).

4.9.2. Given A, BE2X, B—A= ¥, x&B—A. Then (a) BE(X, A4'),
AG(X, A%); (b) AE({x}"), B&({x}").

As a counter example for the converse, consider a many-point space on
which the only open sets are the whole space and the null set.

4.9.3. (a) Suppose X is regular. Given 4, BE2X, B—A#J, x&EB—A,
let U, V be open sets such that ACU, x€V, and UNV=. Then A E(U),
BE(X, V), and (U)X, V)=g&.

(b) Suppose X is not regular. Then there exists an 4 €2%, and an x& 4,
such that 4 and x cannot be separated by open sets in X. But then it fol-
lows easily that A and 4\U {x} cannot be separated by open collections in 2%,
whence 2X is not Hausdorff.

4.9.4. (a) Suppose X is completely regular. Let 4, B be distinct elements
of 2%, and suppose that B—A4 #0, x&B—A. Let f be a continuous function
from X to the interval [0, 1] which is 0 at x and 1 on 4. Then, by Proposition
4.7, the function f,(E) = sup.e rf(x) is continuous, and it is clearly 1 at B and
0 at A.

(b) Suppose 2% is a Stone space. Let ACX be closed, and let x&€X — 4.
Let F be a continuous function from 2% to the interval [0, 1] which is 1 at 4
and 0 at AU {x}. Let f:X — [0, 1] be defined by f(x) = F(A\U{x}). Then f
is clearly continuous, and furthermore fis 1 on 4 and 0 at x.

4.9.5. a > b. This follows from Theorem 3.4.

b - c¢. This is obvious.

¢ > a. Suppose that 2% is regular. Let 4 €2%, and let U be an open set
containing 4. Now (U) is an open neighborhood of 4 and, therefore, since

2% is regular, there exists an open neighborhood (Vi - - -, V,) of 4, such
that (Vy, - - -, Va)C(U) (see 2.3.2). Let V=U}, V;. Then ACV, and VCU
(see 2.3.1).

4.9.6. This follows immediately from 4.2 and 4.9.3 above.
4.9.7. Thata 2 b and ¢ & d is well known. That a > ¢ follows from 4.2,
3.3, and 4.1.1, while b -~ d follows from 4.5.2, 4.2, and 4.9.3. Thatc ->-e and
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d > { is obvious. Finally e > a follows from one half of Theorem 4.6, while
f > b follows from the other half.

In the remaining assertions of this theorem, the implications pointing tothe
left all follow from the fact that X is homeomorphic to a subcollection of
(C(X). It remains to prove the implications pointing to the right.

4.9.8. This goes like 4.9.3 > , remembering that, in a Hausdorff space, a
point and a disjoint compact set can be separated by open sets.

4.9.9. The proof proceeds just like the proof of 4.9.4, if we remember that
in a Stone space a point and a disjoint compact set can be separated by a
continuous function.

4.9.10. Let A€(X); let (Uy, » + -, U,) be a neighborhood of 4, and
let U=UL, U;. It suffices to show that we can find a neighborhood
(Vy, « + +, Va) of 4 whose closure is contained in (Uy, * - -, Uy,). Now ACU,
and since 4 is compact and X is regular, there exists an open V24 such that
VCU. Let x;€U:NA (i=1, - - -, n). Since X is regular, there exists, for
each 1, a neighborhood V; of x; such that V;CU; (¢=1, - - -, n). But then
(V, V1, - - +, Va)is a neighborhood of 4, and (see 2.3.2)

Cl(<VvV11"'vVn>)=(Vyvly"'77n>C(U11°"yUn>-

4.9.11. Let U be a uniform structure on X such that | U| = T. By Theorem
3.3, 27 is equivalent to l2”| on (°(X), when (((X), 27) is completely regular.

4.9.12. If X is compact (locally compact) Hausdorff, then so is °(X) by
4.9.6 (by 4.4.1 and 4.9.8). If ((X) is compact (locally compact) Hausdorff,
then so is X by 2.4.2.

4.9.13. Let U be a metrizable uniform structure on X such that | U| =T.
Then, again, 27= ] 2Y| on ((X). The assertion now follows from 4.1.1.
Q.E.D.

Note. 4.9.5 a - ¢ could be proved directly without using Theorem 3.4;
see the proof of 4.9.10.

The remainder of this section will deal with connectivity. A feature of 2X
with the Hausdorff metric (and with X compact) is that it has stronger con-
nectivity properties than X itself (see [11], especially the introduction). We
shall not go into analogous results in this paper. We shall also not study the
properties of the collection of connected, respectively locally connected, sub-
sets of X (see [5], [11], and [15]).

When studying connectivity, it is more convenient to look at all of <4(X)
than at 2%. There is an obvious extension of the finite topology to <4(X)
(see Definition 5.1 for definition and notation), and for the remainder of this
section, we shall assume that «4(X) carries this topology.

THEOREM 4.10. Let ¥(X)CSCA(X). If one of the spaces X, Fu(X)
(n=1, 2, ), or & is connected, then all of them are connected.

Proof. (a) Suppose that X is connected. Then, by 2.4.3, ¥,(X) is connected
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for all n. If E, FE¥(X), then they both belong to some (connected!) 7.(X);
hence ¥(X) is connected. But ¥(X)CSCA(X)=Cl (F¥(X)) (see 2.4.1), and
therefore & is also connected.

(b) If #.(X) or & is connected, then, by 2.8, X is also connected.

ProposiTION 4.11. Let Ay, - -+, A, be connected subsets of X. If F(X)
N4y, -+, AYTCSCA,, - - -, 4.)*, then S is connected.

Proof. By Theorem 4.10, 7(4,) is connected (¢=1, - - -, n), and therefore
F(A1) X - - - XF(A,) isconnected in [eA(X) ]*. ButF(X)N {4y, - - -, A.)Fis the
image of 7(41) X + + + XF(A4,) under the (continuous!) map discussed in 5.8.1,
and therefore F(X)MN(4y, - - -, Aa)* is also connected. Finally & is con-
tained between a connected collection and its closure (see 2.3.2), and there-
fore & is also connected. Q.E.D.

THEOREM 4.12. Let J(X)CSC(C(X). Then X is locally connected if and
only if & s locally connected.

Proof. (a) Suppose that X is locally connected. If EE(R(X), and if lis a
neighborhood of E in <4(X), then we can find connected, open sets
Uy, - -+, U, such that EE(U,, - - -, U,)CU. It now follows easily from
Proposition 4.11 that & is also locally connected.

(b) Suppose, conversely, that & is locally connected. Let x&€ X, and let U
be a neighborhood of x. Then there exists a connected neighborhood ¥ of
{x} in &, such that 8C(U). Therefore V=U,cgA is a neighborhood of ,
VCU and ¥ is connected (by 2.8) since {x}E® and {x} is connected.
Q.E.D.

Theorem 4.10 is false with the uniform topology on <4(X). (If X is an
unbounded metric space, with uniform structure U induced by the metric,
then the collection of bounded sets is open and closed in (A4(X), |2U I).)
Theorem 4.12 becomes false if (°(X) is replaced by 2% or 4(X). (If X is the
real line, I the set of integers, and U= (U,1S110(n)), then there is no con-
nected neighborhood of 4 contained in U.)

In the following proposition we collect some of the remaining facts
about connectedness in 2X¥ and (°(X). They are all easily verified. (We call a
space totally disconnected if any two distinct points can be separated by an
open and closed set.)

ProrosiTiON 4.13(7).

4.13.1. X 1is zero-dimensional = (°(X) is zero-dimensional.
4.13.2. X is totally disconnected = (P(X) s totally disconnected.
4.13.3. X 4s discrete = (°(X) s discrete.

4.13.4. X has no isolated points = 2% has no isolated points.
4.13.5. The collection of connected elements of 2X is closed in 2X.

5. Functions from or to hyperspaces. In this section, it will be useful to
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extend our topologies and uniform structures to «4(X) (see Notation 1.4).
We make the following definition.

DEFINITION 5.1.

5.1.1. If {U.}.c1is a collection of subsets of a topological space X, then
(Uier denotes {ECA(X)|ECU,erU; ENU.%J for all (€1}, For a
uniform space, B} (E) denotes (Va(x))ick.

5.1.2. The finite and uniform topologies on <4(X) are defined just as in
Definitions 1.6 and 1.7, except that (—) is now replaced by (—)*.

5.1.3. The map ¢:eA(X) — 2% is defined by ¢(4) =4.

In the following corollary, T'| 4 stands for the relative topology induced
on A by the topology T on X DA. Similarly for uniform structures.

COROLLARY 5.2. Let X be a topological (uniform) space. Then:

5.2.1. (U)gr=2*N\(U)k&r

5.2.2. The finite (uniform) topology on 2% is the relative topology induced on
2X by the finite (uniform) topology on A(X).

5.2.3. If (X, T) s a topological space and if ACX, then (A(4), 2714)
=(A(4), 27| 24).

5.2.3". If [X, U] is an uniform space, and if ACX, then [cA(A), 2V'4]
=[eA(4), 2v|24].

5.2.4. If ACX 1is dense, then 24 is dense in A(X) in the finite or uniform
topology.

A fundamental relation between <4(X) and 2% is established by the fol-
lowing theorem.

THEOREM 5.3.
5.3.1. If (X, T) is normal, then @ 1is a retraction.
5.3.1". If [X, U] is uniform, then ¢ is a uniform retraction.

Proof. In both cases, 2% evidently remains pointwise fixed. It remains to
show the (uniform) continuity of ¢.

5.3.1. Let E€A4(X), and let U=(U,, - - -, U,) be a neighborhood of
E. Pick Vo such that EC Vo and VoCULl Ui, and let 58=<Vom Uy, -,
Vo U,)*. Then B is a neighborhood of E in 4(X), and ¢(B) CU.

5.3.1". To index a for 2%, assign any BEZ(a) for A4 (X). Q.E.D.

COROLLARY 5.4. If (X, T) is a topological space ([X, U] a uniform space),
and ACX, then ¢|24 is 1-1 and continuous (uniformly continuous) with the
finite (uniform) topology on both 24 and 2%,

We now define some important functions and derive their properties.
DEFINITION S.5.

5.5.1. o:A(A(X)) — A(X) is defined by o(B) =UgenE.

5.5.2. 0:2% — 4(2%) is defined by §(4)={E€2X|ECA} =24.
5.5.3. 7:2% — 4(2%) is defined by 9(4) = { EC2X|ENA = }.
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All statements in Corollary 5.6 are immediate consequences of previous
results; following each statement, we list the relevant references.

COROLLARY 5.6.

5.6.1. If X s regular, then o((°(2%, 27))C2% (2.5.1),
5.6.2. ¢(C(C(X), 2T))CC(X) (2.5.2),
5.6.3. 9(2X)C20*.2n (2.2.1),
5.6.4. 0(C(X))CLCCX), 27) (4.2),
5.6.5. p(2%)C2e*2D (2.2.2).
If [X, U] is a uniform space, then

5.6.1". ¢(C(2%, |2v]))C2% (2.5.1"),
5.6.2'. a(C(C(X), |27])CCX) (2.5.2),
5.6.3". 9(2%)C2¢%.12D (2.2.1),
5.6.4". 6(C(X)) CC(CX), |27]) (5.6.4 and 3.3),
5.6.5". 9(C(X))C2e* .1 (2.2.2").

THEOREM 5.7. If [X, U] is a uniform space, and if all kyperspaces appear-
ing in Definition 5.5 carry the uniform topology, then

5.7.1. The functions o, 0, and n are all uniformly continuous.

If (X, T) is a topological space, and if all hyperspaces in Definition 5.5
carry the finite topology, then:

5.7.2. ¢ is continuous,

5.7.3. 0[ C(X) 1s continuous,

5.7.4. n is continuous if X is compact.

Proof. 5.7.1. The essential fact in the proofs of this statement is that the
index sets for X,c4(X), andeA(cA4(X)) are all the same. For each function, we
shall give a rule which assigns to each index for the range an index for the
domain. The verification of this rule is straightforward for o, and a little
more complicated for @ and 7.

o: To a for «A(X) assign a for A(A(X)). Let BEA(A(X)), ¢(B) =B.
Let DE(V(E))ics, (D) =D. We must show that DELB! (B).

(@) DCV4(B): Let d&D. Then there exists an FED such that dEF.
But there exists an EE®B such that FE®} (E). Therefore there exists an
e ECB such that d&€ V,(e).

(b) DNV 4(x) # & for all x&B: The proof is similar to the one for (a), and
we omit it.

0: To o for 22* assign a EZ(a) for 2%. Let A €2%,0(4) =U. Let BEB(4),
0(B) =8. We must show that 8&(V(E))eeu:

(@) BNB(E) = for all ECY: Let ECU. Then ECA. Let H= {yCB|y
€ Vs(x) for some x EE}. Then HC B, whence HC B = B, and therefore HES.
We shall show that HEB.(E):

(1) HNV.(x)#J for all xEE: Let xEE. Then there exists a yEHCH
such that y& Va(x) C Valx).

(2) HCV.(E): Let zE€H. Pick yE H such that z& V,(y), where yEZ(B).
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Next, pick x € E such that y& Vs(x). Then 2E& Vq(x).

(b) BCUgren Ba(E): The proof is similar to that for (a), and we omit it.

n: To a for 2% assign BEZ (a) for 2X: The proof is similar to the one for 8,
and will be omitted.

5.7.2. Let BEA(A(X)), o(B)=B, and let U=(Uy, - - -, U,)* be a
neighborhood of B. We must find a neighborhood ¥ of B such that o (%) CU.
Let U=U., U, and let U= {E€2x|EC U} ; then U, is open in 2%, by 2.2.2.

Let U;=(U;, U)*r (=1, - - -, n). We.now define A= Uo, Uy, - - -, U,)T.
(a) A is a neighborhood of B: Let x;& U;N\B, and pick B; &3 such that
x;EB; (=1, - - -, n). Then B;&(U;, X)* (=1, - - -, n),and BCU,.

(b) s(A)CU: Let DEWN, and let o (D) =D.
(1) DCU: Let x&€D. Then there exists an EED such that x&€E. But
E€EU, so ECU, whence x& U.

(2) DNU;= & for all 7: Pick E;CD such that E€U; (=1, - - -, n).
Now pick y;EE; such that y,€U; (¢=1,:--,n). Then y;€EDNU;
(z=1,---,n).

5.7.3. If X is completely regular, then it admits a uniform structure, and
our assertion follows from 5.7.1, 5.6.4, and 3.3. The assertion can be proved
directly, without assuming complete regularity (but using the restriction to
(C(X)). The proof is somewhat messy, and is omitted.

5.7.4. If X is Hausdorff, then, as in 5.7.3, the assertion follows from 5.7.1,
4.2, and 3.3. Here again the assertion could be proved directly, without
assuming Hausdorffness (but using the compactness of X). Q.E.D.

Concerning the function o, we establish the following additional conclu-
sions:

COROLLARY 5.8. Let X be a topological (uniform) space. Then

5.8.1. The map from [A(X)]* into A(X) which sends (Ei, - - -, E.) into
UL, E; is continuous (uniformly continuous) with the finite (uniform) topology
on A(X).

5.8.2. If, in 5.8.1, we map (E, F) into ENF, the function is not continuous
(uniformly continuous) (it is, however, upper semi-continuous; see Appendix).
The same applies to the function which we get if M replaces \J in the definition
of o.

5.8.3. In either topology, o(B)CCl (6(B)) for any BEA(A(X)).

Proof. 5.8.1. This follows from 5.7.2 (5.7.1) and 2.4.3. It is also easy to
prove directly. Q.E.D.

We now study functions between topological spaces.

DEFINITION 5.9. Let f: X — Y be onto. We define

5.9.1. f*:eA(X) —A(Y) by f*(E) =f(E).

5.9.2. f1*: YV —A(X) by f~1*(y) =f~1(y).

5.9.3. f~1**: (V) = A(X) by f1**(E) =fY(E).

5.9.4. D() = {f'() er =F"*(V).
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Before stating the fundamental theorem on the functions defined above,
we recall (make?) the following definition about uniform spaces which will be
used in 5.10.2’ below:

Let f:X— Y be a function between uniform spaces. Then f is uniformly
open (resp. closed) if to every index « for X there corresponds an index o’
for Y, such that for every x&€X (y&€Y) we have f(Va(x)) DVa(f(x))

(resp. fF[(Va(F1(3)))' 1C(Var (1))

THEOREM 5.10. Let X, Y be topological spaces, and let f: X — Y be onto. Then’
with the finite topology:

5.10.1. f* is continuous (a homeomorphism) if and only if f is continuous
(a homeomorphism).

5.10.2(%). f~'* 4s continuous if and only if f is open and closed.

5.10.3. f~1** 45 continuous if and only if f~'* is continuous.

Now let X, Y be uniform spaces. Then:

5.10.1°. f* is uniformly continuous (an isomorphism) if and only if f is uni-
formly continuous (an isomorphism).

5.10.2". f~1* is uniformly continuous if and only if f is uniformly open and
uniformly closed. '

5.10.3’. f~1** {5 uniformly continuous if and only if f~'* is uniformly con-
tinuous.

If D(f) carries the factor topology, then

5.10.2"". If f is either open or closed, then f~'* is continuous.

Finally we have

5.10.4. If f is continuous, open, and closed, then the finite and the factor
topology on D(f) are equivalent.

Proof. Assertions 5.10.1 and 5.10.1’ follow directly from the definitions.
5.10.2" is well known and trivial. The proof for 5.10.2" (5.10.3’) is the same
as for 5.10.2 (5.10.3). Finally, 5.10.4 follows immediately from 5.10.2 and 2.7.

5.10.2. (a) Suppose f is open and closed. Let yE YV, and let f~'*(y) =E.
Let U=(Uy, - - -, U,)* be a neighborhood of E, and let U=U}., U;. Let
Vi=Ul_ . f(U,); since f is open, V;is open. Let V,=(f(U"))’; then y&E V,, and
V, is open since f is closed. Letting V'= V1N V,, we see that f~1*(V)CU.

(b) Suppose that f-1! is continuous. If UCX is open, then f(U)
= (f~1*)-1({(X, U)*) which is open; so f is open. If ACX is closed, then f(4)
= ((f~1*)-1({(4’)*))’ which is closed; so f is closed.

5.10.3. (a) If f~1** is continuous, so isf"‘*=f—‘**|71( Y).

(b) If f~'* is continuous, so is f~1**=g(f~1*)*. Q.E.D.

From Theorem 5.10 it follows that if X and Y are homeomorphic (uni-
formly isomorphic) so are 2% and 2¥. The converse, however, is false; see [5].

In the special case where the domain X is compact, we have:

PROPOSITION 5.11. Let f: X— Y be a continuous map from a compact Haus-
dorff space X onto a Hausdorff space Y. Then:
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S.11.1. If D(f) is closed in 2X, then the finite topology on D(f) is equivalent
to the factor topology.
5.11.2. f~1* 45 continuous if and only if D(f) 1s closed in 2%.

Proof. 5.11.1. By Proposition 2.7, we need only show that the finite topol-
ogy is coarser than the factor topology. Suppose €CD(f) is closed in D(f) in
the finite topology. Then € is compact, whence ¢(E) is closed (see 5.6.1);
that is, € is closed in the factor topology.

5.11.2. If D(f) is closed in 2%, then f~'* is continuous by 5.11.1 and
5.10.2”, If f~* is continuous, then D(f) =f~1*(f(X)) is compact, and hence
closed.

From 5.10.2 and 5.11.2 we conclude that:

COROLLARY 5.12. If f: X — Y is a continuous map from a compact Hausdorff
space X into a Hausdorff space Y, then f is open if and only if D(f) is closed in
2X,

Before concluding this section, we shall define an interesting new concept
and derive its principal properties.

DEFINITION 5.13. Let (X, T) be a topological space, and let B & A(2%).

5.13.1. The saturate of B (written sat (B)) is {AEZXIA is a union of
elements of B}.

5.13.2. B is saturated if sat (B) =91.

As immediate consequences of this definition we have the following
corollary.

COROLLARY 5.14. If BEA(2%), then:

5.14.1. sat (B) S A(2%).

5.14.2. sat (sat(B)) =sat (B).

5.14.3. o(sat (B)) =0(B).

5.14.4. If B is saturated, and if A 2%, then BNO(A) and BN\n(A4) are
both saturated.

We further have the following lemma.

LEMMA 5.15. If BEA(2X), then, in the finite topology:

5.15.1. {AE€2X| 4 is a finite union of elements of B} is dense in sat (V).
5.15.2. If B is saturated, then Cl(a(B)) EDB (closure of B in 2X).

5.15.3. If B is saturated, then Cl(¢(B)) =a(B).

Proof. 5.15.1. Let E€sat (8B), and let U=(U,, - - -, U.) be a neighbor-
hood of E. Pick x;& U;N\E; then there exists an E;E®B such that E;CE and
such that x;€E; (¢=1, - - -, n), by the definition of saturate. But now
Ur_, E;€N, proving the assertion. _

5.15.2. Let U=(Uy, - - -, U,) be a neighborhood of Cl(¢(8)). Pick
x;EU;Na(B); then there exists an E;EY such that x;EE; (¢=1, - - -, n).
But then U, E;€8N1L.
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5.15.3. This follows from 5.15.2 and 5.8.3. Q.E.D.
From 5.15.3. we have the following corollary, which should be compared
to 2.5.1 and 2.5.2 (or 5.6.1 and 5.6.2).

COROLLARY 5.16. Let (X, T) be a topological space. If BE2* 2 4s satu-
rated, then o(B) ©2X; that 1s, a closed saturated union of closed sets is closed.

It is not true, in general, that the saturate of a closed collection is
closed. For compact collections, however, we have the following proposition.

PROPOSITION 5.17. If X s a regular (uniform) space, and if <A(2X) carries
the finite (uniform) topology, then:

5.17.1. If BE(R(2X), then sat (B) E((2X).

5.17.2. The function sat:(>(2X)—((2%) s continuous (uniformly con-
tinuous).

Proof. By 5.6.4 (5.6.4"), 0(C(2%))C(C((°(2%)); by 5.7.2 and 5.10.1 (5.7.1
and 5.10.1%), the fact that a continuous image of a compact space is compact,
and by 5.6.1 (5.6.1), we have *(C(C(2%)))C(2(2%). Furthermore, 8 is con-
tinuous (uniformly continuous) by 5.7.3 (5.7.1), and ¢* is continuous (uni-
formly continuous) by 5.7.2 and 5.10.1 (5.7.1 and 5.10.1’). Hence the com-
posite function ¢* O 0 sends (°(2X) into (°(2%) and is continuous (uniformly
continuous). To complete the proof, we shall show that if 8&((2X), then
sat (B) =c*0(B). Now ¢*8(B) = {EEZXIE is the union of a compact sub-
collection of B} ; since each element of ¢*0(B) is closed (see above), we have
a*9(B)Csat (B). Conversely, if E€sat (B), let D= {FESB]FCE}. Then
E=0¢(D) and DEH(B); hence EEa*#(VB), and hence sat (B) Ca*d(B). Q.E.D.

This completes our study of the saturate. We conclude this section by
stating, for later reference, the following lemma about general topology.

LeEMMA 5.18. If f: X — Y is a closed function from the regular (topological)
space X onto the topological space Y, and if f~1(y) s closed (compact) for all
y&EY, then f~1(C) is closed (compact) for all compact CCY.

Note(®). If we assume that f is open as well as closed, then the lemma fol-
lows from 5.10.2 and 2.5.1 (2.5.2).

6. Multi-valued functions. Suppose that ¥ and X are topological spaces,
and that g is a multi-valued function from Y into X. It is then possible to
regard g as a single-valued function from Y into <4 (X), which is what we shall
do from now on. Once «4(X) has been topologized, g becomes a function be-
tween topological spaces, and it then makes sense to talk about its continuity
and other topological properties. In this section we shall suppose that c4(X)
carries the finite topology, and that, furthermore, g maps ¥ into 2% (that is,
that g, considered as a multi-valued function, maps each point of ¥ into a
closed subset of X).

We now ask the following question.
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 Question 6.1. When is it possible to find a continuousg’: ¥ — X, such that
g Eg(y) forallyc ¥?

A sufficient condition that this be possible is that

6.2. Both the following hold:

6.2.1. g is continuous.

6.2.2. There exists a selection (see Definition 1.8) from 2% to X.

The problem is thus reduced to two simpler ones; the second of which is
concerned only with the space X, and has nothing to do with the space ¥ or
the function g. Most of §7 will be devoted to determining what spaces satisfy
6.2.2.

Now suppose that g has the special form g=f-1* where f: X — Y is con-
tinuous. In this case, we call g’ a continuous inverse for f, and we can improve
the criteria of 6.2 as follows:

6.2’. Both the following hold:

6.2’.1. fis open and closed (see 6.1.1 and 5.10.2).

6.2’.2. For an arbitrary disjoint covering © of X by closed sets, there
exists a selection from D to X.

In §8 we shall give a few preliminary results about spaces which satisfy
6.2’.2. We shall see there that there are spaces which satisfy 6.2’.2 but not
6.2.2.

Finally, suppose that, in addition, X is compact Hausdorff. If now fis a
continuous function from X onto a Hausdorff space ¥, then any continuous
inverse g’ of f isa homeomorphism of ¥ into X, and g’ O f is a retraction of X
onto a subset homeomorphic to ¥. We also have the following necessary and
sufficient condition.

ProPOSITION 6.3. Let X be a compact Hausdorff space. Then the following
are equivalent:

6.3.1. Every continuous open function from X to a Hausdorff space Y has a
continuous inverse.
~ 6.3.2. For every closed disjoint covering D of X by closed sets, there exists a
selection from D to X.

Proof. 6.3.1 > 6.3.2. Let D be a closed disjoint covering of X by closed
sets. Let 7: X — D be the cononical inclusion map; by 5.11.1 it is continuous,
and by 5.12 it is open. Now let g’ be a continuous inverse for ¢; then g’ is a
selection from D to X.

6.3.2 > 6.3.1. Let f: X — Y be continuous and open. Then D(f) is closed,
by 5.12, and f~1* is continuous, by 5.10.2 (or 5.11.2). Let #:D(f) — X be a
selection. Then & O f~'* is a continuous inverse of f. Q.E.D.

7. Selection on 2%, Throughout this section, we assume that (X, T) is a
Hausdorff space, and that 2% carries the finite topology.

We first prove some preliminary lemmas, from which our main results
(in particular Theorem 1.9) will follow as corollaries.
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Notation. If < is an order relation on X, then I.(x)={t€X|t<x};
I*(x) = {tE€X|t>x}.

DEerFiniTION 7.1. If f:¥(X)—X is a selection, then x <y means x#y
and f({x, y})=x(1).

Our first lemma draws conclusions from the existence of a selection on
F2(X); it will soon be evident why 7»(X) plays a special part in our investiga-
tion.

LeEmMMA 7.2. If X s connected, and if there exists a selection f:F2(X) — X,
then:

7.2.1. For all x& X, I«(x) and I*(x) are open in X.

7.2.2. < 1sa proper linear order on X.

7.2.3. The order topology on X is coarser than T.

7.2.4. There exists exactly one other selection g:J2(X) — X, namely

sa}) = = g(l= 9]) = {; ’fﬁﬁii i}}i _

Proof. 7.2.1. I (x): Let t<wx. Then f({¢,x}) =t. Let U be a neighborhood
of ¢ such that x& U. Then, since f is continuous, there exists a neighborhood
W, of ¢ and a neighborhood W; of x such that f(F)E U for all FE(W,, W,).
Hence €Wy > f({t'x})EU » f({t/, x}) =t' > t' <x.

I*(x). Lett>x. Thenf({t, x}) =x., Let U, V be open in X such that x&€ U,
1€V, UNV=. By continuity of f, there exists a neighborhood W; of «x,
and a neighborhood W, of y such that FE®R =(W;, W:) > f(F)EU. Let
W=W,N\V, and let W' =(W,, W). Then W'CW, and therefore FEW'’
> f(F)EU. Hence ! EW > f({x, '}) EU » f({x, t'}) =x (since '€V, so
YEU) > t'>x.

7.2.2. We need only show that < is transitive. But this follows from 7.2.1
and [6, (2.1)].

7.2.3. This follows immediately from 7.2.1,

7.2.4. (a) g is a selection: If x, yE X, write x<Ky for x5y, g({x,v})=x.
Since x<y = y<x, 7.2.2 and 7.2.3 imply that < is a proper linear order on
X such that the order (K) topology is coarser than T. Applying Lemma 7.5.1,
we find that g is a selection.

(b) fand g are the only selections: Let % be any selection on #3(X). Then
h generates an order on X such that the order topology is coarser than T
(by 7.2.2 and 7.2.3). We now apply [6, Theorem 2]; this tells us that the
order generated by % is the one generated by f or its inverse. Hence k=f or
h=g. Q.E.D.

LeEMMA 7.3. Let X be connected. Then:
71.3.1. If, for some fixed n, there exists a selection f:F.(X) — X, then f(E)

(1) Strictly speaking, we should write <;. Where no confusion can occur, we shall, how-
ever, omit this precaution.
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is the first (<) element of E for every EC¥.(X).
7.3.2. If }(X)CSC2%, and if there exists a selection f:& — X, then f(E)
is the first (<) element of E for every EE@.

Proof. 7.3.1. Let BEY.(X), x, yEB, and x<y. Let €= {EC¥.(X)
,f(EU{x, y})=y}. We shall show that both € and ¥.(X) — € are open.
Since ¥.(X) is connected (by Theorem 4.10), and since {x, y} EF(X) -G,
it will follow that € is empty, and hence that f(B) #y. But this is the assertion
of 7.3.1.

(@) Fa(X)—G open: Let EE¥,(X)—G6. Then f(EU{x, y})=27%y. Let U
be a neighborhood of z such that y& U. Then, since f is continuous, there
exists a neighborhood M= (N, - - -, Ni) of EU{x, y} such that FE¥.(X)
NN > f(F)& U. Let M be aneighborhood of E generated by those N; which are
neighborhoods of some element of E. Since the only N; among the generators
of M which are not among the generators of M are neighborhoods of x or y,
we have FEF.(X)NM > FU {x, y} EN > f(FU {x,y) EU > f(FU {x, y})
#y > FEF.(X)—-C.

(b) G is open: Let ECE. Then f(E\U{x, y})=y. Let U, V be open in X
such that yE U, [(EU{x, y})— {y} ]CV, and such that UNV=g. Then,
by continuity of f, there exists a neighborhood M=(Ny, - - -, Ni) of E
U{x, y} such that FERNF.(X) > f(F)EU. Let M= (M, - - -, M;) be
the neighborhood of E which is derived from M as in (a) above, and
let ' =(MNV, -, M;NV). Then FEF.(X)NIM > FU{x, y}EN
> f(FU{x, y)EU » f(FU{x, y}) =2 (since the only point of FU {x, 3},
which lies in U, is y) > FEG.

7.3.2. Let EEQ, f(E)=y. Suppose that the assertion of 7.3.2 is false;
then there exists an x € E such that x <y. Then I'*(x) is a neighborhood of y,
so there exists a neighborhood M of E such that FESNN > f(F) ET*(x).
Now let F be a finite set in SMNN (such an F exists by Proposition 2.4.1) such
that xEF. Then f(F) =zEI*(x), 3%, so x<z. Let FE¥,(X); then f| Fa(X)
is a selection, and hence, by 7.3.1, x>z We therefore have a contradiction.
Q.E.D.

The assertions of the next lemma follow directly from Lemmas 7.3 and
7.2, if we assume that X is connected. To prove it under our weaker assump-
tion, we use the fact that any set can be well-ordered.

LEMMA 7.4. Suppose that all the connected components of X are open. Then:

7.4.1. If there exists a selection f:Fo(X) — X, then there exists a linear
order on X such that the order topology is coarser than T.

7.4.2. If there exists a selection f:2X — X, then there exists a linear order on
X such that the order topology is coarser than T, and such that every closed (T)
set has a first element.

Proof. Well order the components of X. For “the component which con-
tains x” we shall write “C(x)”.
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7.4.1. It is evident that, for every component C, f is a selection when
restricted to %,(C) = { EEF,(X)| ECC}. Define an ordering on X as follows:
f({x, y}) = #, if x and y are in the same component,

» < ymeans { . L
C(x) < C(y), if x and y are in different components.

This ordering is certainly linear, and furthermore, for every xE X,

Ii(x) = {tEC) |t < a} N U C, which is open (see 7.2.1),
c<C(2)

I*(x) = {t€C@) |t <2} N U C, which is open (see 7.2.1).
€>C(2)

7.4.2. Evidently, for every component C, f is a selection on 2¢
= {EEZXIECC}. We define our order as in 7.4.1; it remains to show that
every closed (T') set has a first element. Let 4 be closed, and let C be the
first component of X containing a point of 4. Then ANC is a nonempty
closed subset of C, and therefore contains a first element y by 7.3.2. But this
y is evidently the first element of 4, which proves our assertion. Q.E.D.

Our final lemma shows that, under certain conditions, there actually
exists a selection from a subcollection of 2¥ to X. Its proof is quite inde-
pendent of the previous lemmas of this section, which deal with the converse
problem.

LEMMA 7.5.1. Suppose that there exists a linear order on X such that the
order topology is coarser than T, and let

X)) = {E62X| For every FE2X, ENF 1s empty or has a first element}

7.5.1. Then f:3¢(X) — X, defined by f(E) =first element of E, is a selection.

7.5.2. Then (X, T)C3c(X).

Proof. 7.5.1. Let E€3¢(X), and let f(E)=x. Let U be an open (T') set
containing x; we must find a neighborhood N of E such that FENMNIC(X)
> f(F)&U. Now if ECU, then | =(U) is such a neighborhood, and we are
through. Suppose, therefore, that EQ U, and let y be the first element of
ENU’. We now consider two cases:

(1) There is no z€X such that x<z<y. Let Ni={t|t<y}NU, N,
= {tlt>x}. Then N, and N; are open (T); x€E Ny, yEN,; and ECN,\UN,.
Hence N=(N;, N.) is a neighborhood of E. But t4iENy, t,EN, > 1, <3z,
b2z > L <t; s0 FENNI(X) > f(F)EN,CU.

(2) There exists a 2&€X such that x<z<y: Let Ny=U, N,= {t|t<z}
NU, N3= {t|t>z}. Then Nj, N,, and Nj; are open (T); xE Ny, xEN,, and
yEN;. Also EE N,\JUN,\JNj3; for if zEE, then 2& U by definition of y and 2.
Hence M = (N, N, N3) is a neighborhood of E. Now t,EN,, t3E& Ny > 1< 13
and therefore FERNIC(X) > f(F)EN,JIN,CU.

7.5.2. Let EE((X). Then ENF is compact (T) for all FE2X, and hence
is also compact in the order topology, whence it has a first point. Hence
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C(X)<3(X). Q.E.D.

We are now ready to prove the principal results of this section. T he proofs
will consist of references to the lemmas from which they follow.

Proof of Theorem 1.9.

1.9.1 > 1.9.2: (7.4.2).

1.9.2 > 1.9.1: (7.5.1)(1?).

1.9.3 > 1.9.4: (7.4.1).

1.9.4 > 1.9.3: (7.5.1 and 7.5.2)(*?) Q.E.D.

The next proposition deals with the possibility of extending a selection
from %(X) to X.

PRroPOSITION 7.6. If X is connected, and if there exists a selection f:Fa(X)
— X, then:

7.6.1. There exists an extension of f to C(X).

7.6.2. If every EC2Y has a first (<;) element, then there exists an extension
of f to 2%.

7.6.3. If F(X)C&C2X, then any extension to © 1is unique.

7.6.4. For all n, any extension to F.(X) is unique.

Proof. 7.6.1: (7.2.2, 7.2.3, 7.5.1, and 7.5.2).

7.6.2:(7.2.2, 7.2.3, and 7.5.1).

7.6.3: (7.3.2).

7.6.4: (7.3.1). Q.E.D.

The conclusions of Proposition 7.6 are easily combined to yield the follow-
ing corollary.

COROLLARY 7.7. Under the assumptions of Proposition 7.6, there exists a
unique extension of f to © <2X, provided & satisfies any one of the following:

1.71. @=F.(X) for somen (by 7.6.1 and 7.6.2).

7.7.2. J(X)CSCC(X) (by 7.6.1 and 7.6.3).

7.1.3. H(X)CS, and every EE2X has a first (<;) element (by 7.6.2 and
7.6.3).

The final proposition of this section gives the number of different selec-
tions that may exist from a subcollection of 2%¥ to X.

PROPOSITION 7.8. Let X be connected. Let k stand for the maximal number of
different selections that can exist from a fixed subcollection & of 2X to X. Then:

7.8.1. If Fo(X)CSCC(X), then k=0 or k= 2.

7.8.2. If @DF(X), or if ©=F.(X) for some n, then k<2.

Proof. 7.8.1: (7.2.4, and 7.6.1).
7.8.2: (7.2.4, and 7.6.3 (or 7.6.4)). Q.E.D.
We conclude this section by giving some examples of spaces which do,

(*?) A different criterion for the existence of a selection on 2% or (°(X) is given in Proposi-
tion 8.3.
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or do not, satisfy condition 1.9.2 and/or 1.9.4. We begin by observing that a
linearly ordered space, which is connected in the order topology, becomes
disconnected by the removal of any point except, possibly, the two end
points. Hence R* (that is, Euclidean #u-space), {*ER"|||x||<1}, and
{xER"|||x|| =1} do not satisfy either 1.9.2 or 1.9.4 for #=2. The real line
R'satisfies 1.9.4; it does not satisfy 1.9.2, as is easily seen by looking at a com-
pact neighborhood of that point of R! which would have to become the first
point in the ordering. Finally, a subset of R! which has either a first or a last
element in the natural ordering satisfies both 1.9.2 and 1.9.4.

8. More on selections. We shall again assume that (X, T) and (Y, T")
are Hausdorff spaces, and that 2¥ and 2Y carry the finite topology.

DeriNITION 8.1. We shall call X an (S1/S:/Ss/Ss) space, if there exists a
selection from (2X/(?(X)/an arbitrary disjoint covering of X by closed sets/an
arbitrary disjoint covering of X by compact sets) to X.

LEMMA 8.2. Let f: X — Y be continuous, open, closed, and onto. Then, if
&C2Y 15 such that there exists a selection h from f~1**(@) to X, then there exists
a selection from & to V.

Proof. The function f O £ O f~'** is such a selection (see 5.10.2). Q.E.D.

ProrosITION 8.3. Let f: X — Y be continuous, open, closed, and onto. Then:

8.3.1. If X is an S; space, then Y is an S; space (1=1, 3).

8.3.2. If X is an S; space, and if f~1(y) is compact for all yE YV, then YV is
an S; space (1=2, 4).

Proof. This follows from Lemma 8.2 and, for 8.3.2, from Lemma 5.18.

Q.E.D.
The remaining results of this section deal with S; and Sy spaces. They are
of a preliminary nature, and are stated without proof.

LeEMMA 8.4. If X contains a subset which is homeomorphic to a circle, then X
is not an Sy (and therefore not an Ss) space.

DEFINITION 8.5.

8.5.1. A iree is a partially ordered set X, such that {tltgx} is simply
ordered for all x€X, and such that any two elements of X have a g.l.b.

8.5.2. A branch point of a tree X is a point x& X which is the g.1.b. of two
distinct points of X, both of which are different from x.

8.5.3. The partial order topology P on a tree X is generated by sub-basic
open sets of the following two kinds:

1) {yly <x}, € X,
(2) {y| yisnot < =}, x € X.

LeMMA 8.6. Suppose that (X, T') can be partially ordered as a tree, such that
the order topology P is coarser than T, and such that X has only a finite number



1951} TOPOLOGIES ON SPACES OF SUBSETS 179

of branch points. Then:

8.6.1. X s an Sy space.

8.6.2. If, in addition, every closed (T') linearly ordered subset of X has a last
element, then X 1is an S3 space.

We conclude by observing that a finite tree, in the sense of homology
theory (for instance a closed figure X in the plane), satisfies 8.6.1 and 8.6.2.
Unless this tree has only two vertices, however, it will not satisfy conditions
1.9.2 or 1.9.4 of Theorem 1.9.

Appendix. We begin by re-examining the foundations of the finite
topology.

Consider a topological space (X, T). It is easily seen (see [7] and Defini-
tion 1.8a, §2) that the finite topology on <4 (X) (see Definition 5.1) is the join
(or sup), in the lattice of all topologies on <4(X), of the following two
topologies.

DEFINITION 9.1. The upper (lower) semi-finite topology on <4(X) is gen-
erated by taking as a basis (resp. sub-basis) for the open collections in <4(X)
all collections of the form { EEA(X)| ECU} (resp. { EEA(X)|ENU=Z})
with U an open subset of X. (To restrict these topologies to 2%, we merely
replace «4(X) by 2% in the above.)

It is clear that these topologies (as well as their meet in the lattice of all
topologies on <4(X), which we shall call the kemi-semi-finite topology) are
in general not T4, and that they are admissible with respect to the generating
topology on X.

If X and Y are topological spaces, we call a function f: X — <A(Y) upper
(lower) semi-continuous if f is continuous with the upper (lower) semi-finite
topology on ¢4 (¥). This condition on f is equivalent to upper (lower) con-
tinuity of f in the sense of [9, pp. 148-149], and to the strong upper (lower)
semi-continuity, in the sense of [5, pp. 70-71], of the relation R(X, ¥) de-
fined by R(x, y)2y&Ef(x). The condition must be distinguished from another
condition, which sometimes bears the same name, defined in terms of the
lim sup (lim inf) of sets in ¥ or of f (see [13, p. 148], [9, pp. 104-105], [5, p.
60], and [4, §I] which gives the simplest definition). This latter condition
cannot, in general, be interpreted as continuity with respect to some topology
on ¢4(Y). The connection between the conditions is established in [4, §I].

The following theorem follows from the definitions.

THEOREM 9.2. If X and Y are topological spaces, then a function f:X
— A(Y) is upper (lower) semi-continuous if and only if {xEX | flx)NA ;60]
is closed (open) in X whenever A is closed (open) in Y.

It is clear that f is continuous with the finite topology on <4(Y) if and
only if f is both upper and lower semi-continuous. We therefore have the fol-
lowing corollary.
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CorOLLARY 9.3. If X, Y are topological spaces, then a function f: X — A(Y)
is continuous with the finite topology on A(Y) if and only if {xEX | f(x)
NA=Z} is closed in X whenever A is closed in Y, and is open in X whenever
A is open in Y.

Theorem 9.2 and Corollary 9.3 give useful criteria for the continuity of a
function into a hyperspace. Corollary 9.3 should have been stated at the be-
ginning of §5; several subsequent proofs could then have been simplified
(5.10.2, for instance, follows directly from Corollary 9.3). The author, who
was not aware of this when §5 was written, apologizes to the reader for the
inconvenience which this omission may have caused him.

For the special case where f(x1)Mf(x2) = & for x;x;, Theorem 9.2 yields
the following improvement on 5.10.2.

COROLLARY 9.4. With the notation of 5.10.2, f~'* is upper (lower) semi-
continuous if and only if f is closed (open).

We close this survey of semi-continuous functions with the following curi-
ous result which is essentially due to [5, p. 70].

ProPosITION 9.4. If X s first countable at xo, if Y is completely regular, and
if f1X — A(Y) is upper semi-continuous at xo, then there exists a compact
subset C of f(xo) with the following property: If V is an open set containing C,
then there exists a netghborhood U of xo such that f(x) C V\Jf(xo) for any x& U.

To prove this proposition, look carefully at the sets 4, = Cl (Uf(x))M\f(xo),
where the union is taken over all x&Sy/n(x0) (n=1,2, - - - ).

Let us now see how some of the results in §2 can be strengthened by
means of our new topologies. Proposition 2.7, for instance, remains true if
the finite topology is replaced by any of the above weaker ones. (Even the
hemi-semi-finite topology may be strictly finer than the factor topology on
D; see Example 2.10.) The same is true of Proposition 2.8, if we demand
that every element of B should be connected. The most useful new result,
however, is the following theorem.

THEOREM 9.5. Assertions 2.5.1 and 2.5.2 of Theorem 2.5 remain true (with
unchanged proofs) if the finite topology is replaced by the upper semi-finite
topology.

CoOROLLARY 9.6. If X is a compact space, Y a regular (topological) space,
if f1X — A(Y) is upper semi-continuous, and if f(x) is closed (compact) in
Y for all x€ X, then U,cxf(x) is closed (compact) 1'_n Y.

The last two results provide a systematic method for attacking various
problems. We give two examples:

1. Lemma 5.18 follows immediately from Corollary 9.6 and one part of
Corollary 9.4 (see the remark following the lemma).
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2. In [8], the proof of (3) in Theorem 1 is reduced to proving the follow-
ing assertion: If X is a compact Hausdorff space, Y a topological space, F a
collection of continuous functions from X into Y which is compact in the com-
pact-open topology, and if A is closed in Y, then Uscrf~1(4) s closed in X.
This assertion follows at once from Corollary 9.6, when we observe that the
mapping ¢: F — 2%, defined by ¢(f) =f~(4), is upper semi-continuous.

Finally, let us glance at the uniform case. If [X, U] is a uniform space
with index set A, then 2V on <4(X) is clearly the join, in the lattice of all uni-
form structures on <4(X), of the following two uniform structures.

DEFINITION 9.7. The upper (lower) semi-uniform structure on <4(X) is
generated by the index set A, and the neighborhoods U.(E) = { F| FCV.(E) }
(resp. Wo(E)={F|ECVa(F)}) for EEA(X).

These uniform structures are clearly not T3, in general, and they are ad-
missible with respect to U. We call the corresponding topologies the upper
(lower) semi-uniform topologies.

It is clear that the upper (lower) semi-uniform topology is coarser (finer)
than the upper (lower) semi-finite topology. Furthermore, it follows from
Lemma 3.2 that the respective topologies agree on (°(X); this generalizes
Theorem 3.3.

Much of what we have said for the finite case has its analogue in the uni-
form case. (Proposition 9.4 does not.) In particular, we have the following
theorem.

THEQREM 9.8. Assertions 2.5.1' and 2.5.2" of Theorem 2.5 remain true if
the uniform topology is replaced by the upper semi-uniform topology.

If X is a uniform space, then Theorems 9.8 and 9.6 make equivalent asser-
tions about collections of compact sets; for collections of closed sets, however,
the assertion in Theorem 9.8 is the stronger one.

Finally, it is interesting to note that, in our applications, Theorem 2.5
itself was sufficient for the uniform topology, while for the finite topology we
needed the improvement in Theorem 9.6.
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